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4.6.1Linear Combinations of Random Variables /

Your notes
Transformation of a Single Variable
Whatis Var(X)?

= Var(X) represents the variance of the random variable X
= Var(X) canbe calculated by the formula

- Var(X) =E(X?) - [E(X)]2
= where E(Xz) = ZXzP(X= X)

= Youwillnot be required to use this formulain the exam
What are the formulae for E(aX = b) and Var(aX = b)?

= |faandb are constants then the following formulae are true:

= E(aXxb)=aE(X)xb

= Var(aX xb) =a2Var(X)

= These are givenin the formula booklet

= Thisisthe same aslineartransformations of data

= Themeanis affected by multiplication and addition/subtraction

= Thevarianceis affected by multiplication but not addition/subtraction
= Rememberdivision can be written as a multiplication

X 1

a a
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@ Worked example A/
Y t
X is arandomvariable such that E(X) = Sand Var(X) =4 ournotes

Find the value of:

»  E@BX+5)
@ Var(3X+5)
(i) Var(2 - X).

Formu\a boo'klei' Linear transformation of E(aX +b)=aE(X)+b
single random variable Var(aX +b)= a* Var(X)

E(3x+5) = 3E(X) +5 = 3(5) +5 |E(3X+5)= 20
Var (3x+5) = 3*Var (X) = 4(4) Var(3X+5) =36
Var(2-X) = (1) Var () = 1(%) Var(2-X): &
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Transformation of Multiple Variables
What is the mean and variance of aX + bY?

= |etXandYbetworandomvariables andlet a and b be two constants
E(aX+bY)=aE(X) + bE(Y)
= Thisistrue forany random variables Xand Y
Var(aX + bY)=a2Var(X) + b2 Var(Y)
= Thisistrueif Xand Y areindependent
E(aX - bY) = aE(X) - bE(Y)
Var(aX - bY)=a2Var(X) + b2 Var(Y)
= Notice that you stilladd the two terms together on the right hand side
= Thisisbecause b2is positive evenif b is negative
= Therefore the variances of aX+bY and aX - bY are the same

What is the mean and variance of a linear combination of nrandom variables?

= LetX;, Xy, ..., Xnbenrandomvariables and ay, as, ..., an,be nconstants

E(a X ta, X, t .2 3an) = 31E(X1) + azE(Xz) + ..+ anE(XH)

= Thisis givenin the formula booklet
= This canbe writtenas E( Z aIXI.) = Z a1E(X1‘)

= Thisis true forany random variable

Var(a X ta X + .% aHXH) = alear(Xl) + aszar(Xz) + ..+ aHZVar(XH)

= Thisis givenin the formula booklet
= This canbe writtenas Var( Z 31X1.) = Z a?Var(XI.)

= Thisistrueif the random variables are independent
= Notice that the constants get squared so the terms on the right-hand side will always be
positive

For agivenrandom variable X, what is the difference between 2X and Xj + X2?

= 2Xmeans one observation of Xis taken and then doubled
= X7+ X2 means two observations of X are taken and then added together
= 2Xand X;+ X2have the same expected values

= E(2X) = 2E(X)

= E(X7+ X2) = E(X7) + E(X2) = 2E(X)
= 2Xand Xy + X2 have different variances

= Var(2X) = 22Var(X) = 4Var(X)

= Var(Xj+ X2) = Var(Xj) + Var(X2) = 2Var(X)
= Toseethedistinction:

= Suppose X could take the values O and1

= 2Xcouldthentake the values O and 2
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= Xj+ Xy could then take the values O, 1and 2
= Questions are likely to describe the variables in context
= Forexample: The mass of a carton containing 6 eggs is the mass of the carton plus the mass of the
6individual eggs

= ThiscanbemodelledbyM=C+E;+Eo+Ez+E4+Es5+Egwhere
= Cisthemassofacarton
= Fisthemassofanegg

= |tisnot C + 6E because the masses of the 6 eggs could be different

O Examiner Tip

= |nanexam when dealing with multiple variables ask yourself which of the two cases s true
= You are adding together different observations using the same variable: X1+ X2+ ... + Xj,
= You are taking a single observation of a variable and multiplying it by a constant: nX

@ Worked example
X and Yareindependent random variables such that
E(X)=5& Var(X)=3,
E(Y)= —2&Var(Y)=4.
Find the value of:

»  EQX+5Y),
@ VarQX+5Y),
@i Var(4X-Y).

Linear combinations of n | E(a X 2a,X,%...2a X, )=aE(X, )taE(X.). ta E(X,
& \ b kl {_ independent random £ z :
mula 00 Kl variables, X,, X, ... X, Var(a X, ta, X+ 20, X,)
=a’ Var(X,)+a,’ Var(X,)+..+a’ Var(X,)

E(2x45Y) = 2E(x) +SE(Y) - 2(5) +5(-2) |E(2X+5Y) = D
Ve (R845Y) = 2*Varl)+ 5 Var () <4 (3)125(8)  [Var(2445Y) =112

Var (6X-Y) =42 Var(X) + Var(Y) <163) + & |Var(4X<Y)=52
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4.6.2 Unbiased Estimates

Unbiased Estimates
What is an unbiased estimator of a population parameter?

= Anestimatoris arandom variable thatis used to estimate a population parameter
= Anestimateis the value produced by the estimatorwhen a sampleis used
=  Anestimatoris called unbiased if its expected value is equal to the population parameter
= Anestimate from anunbiased estimatoris called an unbiased estimate
= This means that the mean of the unbiased estimates will get closer to the population parameter
as more samples are taken
= The sample meanis an unbiased estimate for the population mean

Zx

n
= The sample variance is not an unbiased estimate for the population variance

o 2. (x—Xx)? _ 2. x2 Gy

= Onaverage the sample variance willunderestimate the population variance
= Asthe sample size increases the sample variance gets closer to the unbiased estimate

l)_(=

What are the formulae for unbiased estimates of the mean and variance of a population?

= Asample of ndatavalues (xj, X2, ... etc) can be used to find unbiased estimates for the mean and
variance of the population
= Anunbiased estimate for the mean p of a population can be calculated using

=

s X=
n
= Anunbiased estimate for the variance 02 of a population can be calculated using
n
n S2 el 2

S
n-1 npn-—1n
= Thisis givenin the formula booklet

2. (x—Xx)?
= Thiscanalsobewrittenas 52 =
n—1 n—1

= Notice that dividing by 1 gives a biased estimate but dividing by 1 — 1 gives anunbiased
estimate

. Dif'feren'ccalc:ulatorsc:anusedh"ferentnotationsforS2 1
n—

- o2 s22
n—1
= Youmay also see the square roots of these

are notations you might see
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Is s,_1anunbiased estimate for the standard deviation?

= Thereisnotaformulaforanunbiased estimate for the standard deviation that works for all populations

Unfortunately s,_1is not an unbiased estimate for the standard deviation of the population
Itis better to work with the unbiased variance rather than standard deviation

= Therefore you willnot be asked to find one in your exam

How do | show the sample meanis an unbiased estimate for the population mean?

You do not need to learn this proof
= |tissimply here to help with yourunderstanding
Suppose the population of Xhas mean p and variance o2
Take a sample of nobservations
= Xp Xp 0 X
= EX)=p
Using the formula for alinear combination of nindependent variables:

X +X + ..+X
1 2 n

E(X)=E -

(X)) +E(X,)+ -+E(X,)

n
Hrtut+ ..t+u
- n
ny
" n
=u

As E(X) = M this shows the formula will produce an unbiased estimate for the population mean

Why is there a divisor of n-1in the unbiased estimate for the variance?

You do not need to learn this proof

= |tis simply here to help with your understanding
Suppose the population of Xhas mean p and variance o2
Take a sample of nobservations

= X7,X2].,.,Xn
= E(X)=p
s Var(X)) = 62

Using the formula for a linear combination of nindependent variables:
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rX1+X2+ X ‘

\ n )
Var(Xl) + Var(Xz) + ..+ Var(XH)
n?

o+ o+ ...+ 02

n2

no?

02

= Thiscomesfromrearranging Var()_() = E()_(Z) - [E()_()]Z

» Itcanbe shownthat E(X2) = E(Xiz) = 12 + o2

= This comesfromrearranging Var(X) = E(Xz) - [E(X)]z

Using the formula for alinear combination of nindependent variables:
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e
E(s2)=E| - X
2EB(X)
=——-E(X’)
2.(12+0?) o?
T )
_nw+od) (o)
a n \‘u n )
o2
_‘u2+0'2—(/12+?)
ol
n
_H62—02
a n
n—1
= o2
n

= As E(SQ) # G2 this shows that the sample varianceis not unbiased
n

n
= Youneedto multiply by
n—1
u = 2
(S, 1) o

O Examiner Tip

= Checkthe wording of the exam question carefully to determine which of the following you are

given:
= The population variance: o2

= The sample variance: Si

= Anunbiased estimate for the population variance: Si _
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@ Worked example A/

Your notes
The times, X minutes, spent on daily revision of arandom sample of 50 IB students from the UK are

summarised as follows.
n=50 2 x=6174 512]=1384.3

Calculate unbiased estimates of the population mean and variance of the times spent on daily revision
by IB studentsin the UK.

Unbiased estimate of population mean x - Lx
bl |
50 = 123.43
X = 123 minutes (3sf)
Formula booklet E::LT:E::i:T:::t, =
£ 5 i—%*lSﬁ#.S = 1412.55...
st = 1410 minutes® (3sF)
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